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Decentralized Sliding Mode Control in
Three-Axis Inertial Platforms
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The accuracy improvement of three-axis inertial platform stabilization systems with a dynamically tuned gy-
roscope sensor is addressed by methods of variable structure control. The decentralized sliding mode control
strategy has been worked out and applied for the design of the stabilization system of the three-axis inertial plat-
form. The nonlinear transformations of bases in the nonlinear interconnected subsystems have been found, based
on remaining dynamics. These transformations changed the subsystems to the forms convenient for the sliding
mode synthesis. The local sliding manifolds have been designed in the form of nonlinear functions and nonlinear
dynamic operators to provide the desired linear decoupled output tracking (stabilization) in each axis of the in-
ertial platform stabilization system. The system with the dynamic sliding mode controller obtained the combined
features of the system with a conventional dynamic compensator (accommodation to unmatched disturbances)
and a conventional sliding mode controller (insensitivity to matched disturbances). The results of the simulation
of the three-axis inertial platform stabilization system with the designed conventional and the dynamic sliding
mode controllers showed significant improvement of the accuracy (2-3 tunes better then in the systems with linear
controllers) of the platform stabilization.

Introduction

A CCURACY improvement of a three-axis inertial platform
stabilization system1 with "passengers" (accelerometers and

other devices serving as sensors for wing and ballistic missiles)
is considered in this paper. This accuracy is closely related to the
accuracy of the data, obtained from the passengers, and, thus far,
to the accuracy of the overall performance of a missile. The stabi-
lization of inertial platforms on sliding modes was partially studied
and solved by the author of this paper in 1985-1990 at the Depart-
ment of Applied Mathematics of Chelyabinsk Technical University,
Chelyabinsk, Russia. Some of the sliding mode control algorithms
have been realized in inertial platform stabilization systems of var-
ious Russian wing missiles.

Three-axis inertial platform stabilization systems are usually de-
scribed by three nonlinear interconnected subsystems of differen-
tial equations with disturbances and plant uncertainties.1 The ob-
jective of decentralized sliding mode control in such systems is to
force the interconnected stabilization systems of all of the axes to
move to the local manifolds (sliding surfaces) and to maintain these
systems in sliding manifolds thereafter by high-speed switching
control functions.2"4 The local sliding manifolds (surfaces) have to
be chosen such that the inertial platform output stabilization error
performances are desired in these surfaces.

We think of the desired performance of the output stabilization er-
ror in each axis of a three-axis inertial platform stabilization system
as decoupled and linear with desired response characteristics. For
example, the performance of the output stabilization errors would

be desired if these errors are the outputs of decoupled systems of
linear time-invariant differential equations with given eigenvalues
placement of the matrices of these systems.

The latest results in variable structure systems in nonlinear track-
ing via nonlinear sliding manifolds have been obtained based on a
nonlinear inversion of the remaining dynamics5 and a representation
of the system in a global generalized controller canonical form6 com-
bined with linearization technique by nonlinear feedback.7 These
concepts were realized in various nonlinear control systems includ-
ing continuous aircraft trajectory control8 and one-input-one-output
nonlinear dynamic sliding mode output tracking.9'10 In the last two
works the concept of dynamic sliding surface was naturally intro-
duced based on the equations of nonlinear inverse dynamics. The
resulting dynamic sliding mode controller includes a conventional
part and a dynamic compensator, which postmultiplied the switch-
ing element. It gives extra opportunities in achieving "smoothness"
in output tracking. The concept of the dynamic sliding surface as
a linear dynamic compensator specified in time domain and placed
before the switching element was introduced in the Ref. 11. Such
a dynamic sliding mode controller also allows a lot of flexibility
in the "frequency shaping" of the sliding mode. The dynamic slid-
ing controller with the combined features of a conventional dy-
namic compensator (accommodation to unmatched disturbances)
and a conventional sliding mode controller (insensitivity to matched
disturbances) was introduced in Ref. 12. Applications of variable
structure systems (sliding modes) in aircraft and missile control
were presented in Refs. 13 and 14.
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It is obvious that nonlinear conventional and dynamic sliding
manifolds offer a richer variety of controller designs compared to
traditional linear surfaces. In this paper we employ the concept of
the inverse dynamics7'8 for a design of decentralized conventional
nonlinear sliding manifolds4 and decentralized sliding manifolds
as nonlinear dynamic operators.9"12 This concept is realized in a
sliding mode control output tracking with the application to the
solution of the three-axis inertial platform stabilization problem.

As a first step for the sliding mode controller design, we identify
the nonlinear basis transformation in the nonlinear interconnected
subsystems, based on the system inverse dynamics, to change the
whole system to a form convenient for the local sliding mode syn-
thesis. As a second step, we design the nonlinear local sliding man-
ifolds as dynamic operators12 and the nonlinear conventional local
sliding manifolds2"4 to meet the requirements of the performance
of the subsystem output tracking errors in the sliding mode. For the
third step, the discontinuous local control laws should be designed
to provide the existence of the designed sliding modes. This proce-
dure has been applied to the sliding mode controller design in the
stabilization system of a three-axis inertial platform. The results of
the design and simulation of this system are discussed in the paper.

The contribution of this paper is 1) the development of the design
of a decentralized sliding mode controller based on the local nonlin-
ear conventional and the local nonlinear dynamic sliding manifolds
for the sliding mode control tracking (stabilization) and 2) the so-
lution of the stabilization problem of a three-axis inertial platform
with a dynamically tuned gyroscope sensor via a decentralized slid-
ing mode controller design based on the nonlinear conventional and
dynamic sliding manifolds.

Decentralized Sliding Mode Control
Output Tracking Problem

A nonlinear system consisting of three interconnected subsystems
is described as follows:

xk =
yk = Gkxk

(1)

where k(— 1, 2, 3) is the number of the subsystem, xk(e R"k) is the
state vector, uk(e Rl) is the control function, and yk(e Rl) is the
measuring accessible output. Ak, Bk, and Gk are constant matrices
of appropriate dimensions, and/*V(r, Jt1? x2,x3) (e R"k) are partially
known unmatched vector functions (internal and interaction distur-
bances, plant uncertainties, andnonlinearities). [Ak, Bk] are control-
lable, and yl (0 is given in current time reference output trajectories
(constants in the case of a stabilization) Vfc = 1, 2, 3.

Remark L The vector-function Fk(t,x\,#2,*s) is said to be
unmatched2'3 if a scalar function Xk(t, x\, J C 2 , X T , ) does not exist to
meet the following equality: BkXk(t, x\, x2, *3) = Fk(t, x\, x2, *3).

The objective is to design the control functions ukVk = 1, 2, 3 to
provide the desired linear decoupled output tracking: lim||e*(OII =
0 as t —>• oo and to have the ability to control the rates of these
limits, where ek = yk — ykVk — 1, 2, 3.

We will look for the solution of this problem in decentralized
sliding modes. This is to find the switching control functions uk
yk = 1,2, 3 in the form

, <bk(x,y*,t) < 0
(2)

where

are the conventional sliding manifolds or

are the sliding manifolds as the dynamic operators, and u^ and uk
are continuous functions of t and jc;

v — \YT vr v rl it* _ \ f^*\T f^*\T t^<*\T\T\rji_ i o o

The desired linear decoupled output tracking should be provided
in the correspondingly designed sliding manifolds 3>k(x,y*, t) —
0 Vk = 1,2, 3. The existence of these sliding modes (the mo-
tion in the sliding manifolds) will be guaranteed by the corre-
sponding design of the continuous control functions u^ and u~
yk = 1,2,3.

It would be ineffective to introduce the sliding modes directly into
the system (1). The problem is that the unmatched nonlinear distur-
bances Fk(t, x) could reduce the tracking accuracy and destroy the
decoupling of the subsystems by effecting the output tracking errors
ek in the sliding modes.2"4 In this case the control objective will not
be achieved. As a first step of the sliding mode controller design
we will identify the nonlinear basis transformations in the nonlinear
interconnected subsystems, based on the system of inverse dynam-
ics, to change the whole system to a form convenient for the local
sliding mode synthesis.

Remark 2. We will think of the system (1) to be in a convenient
form if its tracking errors ek are the outputs of the nonlinear in-
terconnected subsystems of the differential equations with matched
disturbances, interconnection, and nonlinear terms.

Nonlinear Transformation of the Basis
The main result of this section is formulated in the following

lemma.
Lemma. System (1) in the new basis

xk = 1,2,3 (3)

has the following convenient form:

r1 — 4U-1 _|_41 274,k — t*~k 4,k ~r f»-k <,

(4)

ek = Gl
kzl

k + G\zl\ zl
k e R"k~1' z$, ek e Rl

where xT and Jtjf are defined through the nonlinear descriptor
system15^ as

r/o,4-im-i, o]r*n TA» A i2ir*n
L o oJU2*J LGJ G 2 J U 2 * J

[ Ml ~]*
specified as follows^"1': M"

0

(5)

have been

(6a)
[A11 A121
J, AAk Ak J

Proof. Let us assume that the "reference" state trajectories
I o* are given and the transformation matrices Mk = \ k \ are\_x^ j ° LM£J
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calculated following formulas (6) Vk = 1, 2, 3. Then system (1) can
be rewritten in the new basis equation (3):

fl — An7l 4-41272 -4- Tr1* 411r1* Al2r2* -Fl(r ^1zk ~Ak zk ^Ak zk ~r [xk ~Ak xk ~Ak xk ^Jtv*» *)]

72 —Zk ~

(7)

*1
J

fjc1* "]Let us assume now that the reference state trajectories ** satisfy
the descriptor system (5) V& = 1 , 2, 3. It means that **

Consequently, the system (7) has been transformed to the system
(4). The lemma is proved. D

Remark 3. The descriptor system (5) [or the system of nonlin-
ear differential-algebraic equations (DAE)15] looks like some sort
of the inverse dynamics7"9 of system (1) and is called the system
center.17'18

Remark 4. We need to identify the matrices Mk and the refer-
ence state trajectories x£ and x2,* Vk = 1, 2, 3 to transform system
(1) to a convenient form, Eq. (4). There is no problem to specify
the transformation matrices Mk in Eq. (6a). The problem is to solve
the nonlinear system of the differential algebraic equation (5) to
identify the reference state trajectories xl

k* and x2* VA: = 1, 2, 3.
Solving this system we employ the algorithm of the DAE solution
based on differentiation of the algebraic constrains.19 To find the
solution we need to estimate the reference profiles y%(t), the un-
matched parts F\(t, x) of the nonlinear terms Fk(t, x) Vk = 1, 2, 3,
and probably their derivatives.15'19 Usually it is no problem to es-
timate the reference profiles y%(t). However, estimation of F\(t, x)
and its derivatives is not easy. The advantage we have is that we
need to estimate just the unmatched parts of Fk(t,x). This is sim-
pler than to estimate the whole function Fk(t,x), applying some
feedback linearization control algorithms5'7 to the solution of the
decentralized nonlinear output tracking problem. We also need to
specify the initial conditions forjcjf and jt2* Vfc = 1, 2, 3 to identify
the unique solution of the differential algebraic equation (5). It is not
easy. However, solving a system of DAE we do not need to know all
initial conditions.15 There are cases when we do not need to have the
initial conditions at all.15'19 Another problem is the stability analysis
of the system of DAE. The issue is that the solution of x]* and x2*
Vfc = 1, 2, 3 has to be stable. In the opposite case, the sliding mode
in the system could not be operational. This problem is similar to the
inverse dynamics stability problem.5'7 The solution of the system
of differential algebraic equation (5) will be given later during the
three-axis inertial platform stabilization system synthesis.

Decentralized Nonlinear Sliding Manifold Design
Let us assume that the system (1) is transformed to a convenient

form equation (4) at the first step of a sliding mode controller design.
Now, we could start the second step. This is to design the nonlinear
local sliding manifolds as dynamic operators9"12 and the nonlinear
conventional local sliding manifolds2"4'16 to meet the requirements
of the performance of the subsystem output tracking errors in the
decentralized sliding mode.

Let us consider the local sliding manifold as linear dynamic
operators11'12 acting on the output errors ek — y£ — yk. They are

= l ,2 ,3

where

and

(8)

are polynomials of s and m < n. The following theorem has been
formulated and proved.

Theorem 1. Suppose that the sliding mode exists in the system
(4) in local dynamic sliding manifolds Eq. (8). Then the output
tracking errors ek = y % — yk in the system (4) are described by the
decoupled linear operator equations

- 0

(9)

in the sliding manifold equation (8). D
Proof. Concerning the concept of equivalent control2'3'16 and

the concept of a dynamic sliding manifold11'12 the system (4) in the
dynamic sliding manifold equation (8) becomes

z\ = L^+A^4, zt = -W(s)ek

ek = Gl
kzl

k + G2
kz2

k, Vk= 1,2, 3

Equations (10) can be rewritten in operator notation as follows:

(10)

Vk= 1,2,3 (ii)
ek =

Solving Eqs. (11) for ek we have operator equations (9) immediately.
Theorem 1 is proved. D

Theorem 1 can be applied to the dynamic sliding manifold design
as follows. Specify the desired dynamic operators

H*k(s) = 1 + Wk(s)Gl+Gl(ls -A11)'^12^^)

V f c = l , 2 , 3 (12)

Find the corresponding dynamic operators

Wk(s) = [G2
k+Gl

k(ls -A11)"^12]'1^*^) - 1]

V* = l ,2 ,3 (13)

independently for each subsystem. Design the dynamic sliding man-
ifolds using formulas (8) transformed to the initial basis of the sys-
tem (1). This is

= 1, 2, 3 (14)

where

It is obvious that each 3jfob depends nonlinearly on x, t, yk(t)
through the nonlinear system of differential algebraic equation (5)
and can be considered as a nonlinear global entry of the dynamic
sliding manifold equation (14). On the other hand S[oc depends only
on local variables xk, y%, and yk and we can think about £s[oc as the
local entry of the dynamic sliding manifold equation (14). Conse-
quently, we can consider the sliding manifold equation (14) as the
decentralized nonlinear dynamic sliding manifolds.

The conditions for the conventional local sliding manifolds de-
sign in the decentralized nonlinear output tracking can be derived
from the conditions of the Theorem 1. This particular case of the dy-
namic sliding manifold design has been formulated in the following
corollary.

Corollary 1. Suppose that the sliding mode exists in the system
(4) in local dynamic sliding manifold equation (8), and the dynamic
operators Wk(s) = [P^(s)/Q^(s)] are selected to satisfy the equal-
ities

Wk(s)Gl) = ckz (15)

where ck G Rnk~l are constant row vectors Vk = 1,2,3. Then
the dynamic sliding manifold equation (8) become the conventional
sliding manifolds

andP*(j) = 1,2,3 (16)
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and the output tracking errors ek = yk — yk in system (4) are de-
scribed by the decoupled linear time-invariant systems of differential
equations

= 1,2,3
(17)

Proof. Substituting the output of the system (4) in expression (8)
we acquire the following formula for the dynamic sliding manifold:

3* = [l + Wk(s)G2] z2
k + Wk(s)Gl

kzl
k = 0 (18)

Using the property that the equations of the sliding mode should not
be changed if the equation of the sliding manifold is to be premul-
tiplied by the nonsingular matrix,2'3 we transform formulas (18) as
follows:

c\ _ r i _i_ TIV / _ \ f~*2~i cv _ 2 _i_ r- j _i TTT /'c\/^>2~i

Let us suppose that the dynamic operators Wk(s) = \_P^(s)/Qk
n(s)}

are selected to satisfy equalities (15). Then the dynamic sliding
manifold equation (19) become the conventional ones Vk = 1, 2, 3.
They are

crk = zt + ckzi = 0 (20)

where ck € (Rn~l) are constant row vectors. Suppose that the sliding
mode exists in system (4) in the dynamic sliding manifolds Eq. (8).
Then the sliding mode will exist in the particular case of these
manifolds, Eq. (20). Applying the concept of equivalent control2'3'16

we can immediately identify the description of the system (4) sliding
mode in the conventional sliding manifold equation (20) in the form
of Eqs. (17). The corollary is proved. D

Corollary 1 can be applied to the conventional sliding manifold
design as follows. Identify vectors ck to provide the desired eigen-
values placement of the matrices of the systems (17) (A^1 — Al

k
2ck)

(Refs. 2, 3, and 16) independently for each subsystem. Then design
the conventional sliding manifold equation (20) transformed to the
initial basis of system (1). This is

ffk = Vk = 1,2,3 (21)

where

It is obvious that each <7jl
glob depends nonlinearly on jc, r, yk(t)

through the nonlinear system of the differential algebraic equation
(5) and can be considered as a nonlinear global entry of the con-
ventional sliding manifold Eq. (21). On the other hand cr/00 depends
only on local variables xk . Thus, we can think about ak

oc as the local
entry of the conventional sliding manifold equation (21). Conse-
quently, we can think about the sliding manifold equation (21) as
the decentralized conventional sliding manifolds.

Local Discontinuous Control Function Design
Let us suppose that the local dynamic nonlinear sliding manifold

equations (8) or (14) have been designed following Theorem 1 at
the second step of the sliding mode controller design. Now we could
start the third step. This is to specify the corresponding discontin-
uous local control laws (2) to provide the existence of the sliding
mode in the system (4) in the designed sliding manifold equations
(8) or (14). The following theorem has been formulated and proved:

Theorem 2. The sliding mode in the system (4) exists in the local
dynamic sliding manifold equations (8) or (14) if the discontinuous
control laws (2) are chosen as

= w*eq + + Wk(s)Gl]~l - sign(S,) (22)

where pk > 0 are arbitrary chosen constants and uke.q are the equiv-
alent control functions2'3

"eq - K2)"1 - [l + Wk(s)Gl]~~l{[A21 + Wk(s)Gl
kAl

k
l

+ Wk(s)G2A2
k
l]zl

k + [A22 + Wk(s)Gl
kA12

+ Wk(s)G2
kA?] z2

k + [1 + Wk(s)Gl]*k] (23)

with functions

= if - A21 - F2(t, jci , *2, *3) (24)

Proof. The following candidate for the Lyapunov function has
been built:

V=2
> 0 (25)

where

= 1,2,3

are specified following expression (8). The derivative of the candi-
date to the Lyapunov function (25) has been found on the states of
the system (4) as follows:

V = {[A21

+ Wk(s)G2
kAll]zl

k + [A22 + Wk(s)Gl
kA12 + Wk(s)G2

kAf] z\

+ [l + Wk(s)G2
k]3>k - [1 + Wk(s)Gl]B*uk} (26)

Substitution of formula (23) into expression (26) yields the final
equation for the derivative of the candidate to the Lyapunov function.
This is

V = ~ pk - |

Vpk > 0, k = 1,2, 3

It means that the manifold %k = 0 Vk = 1, 2, 3 is attractive (or
equilibrium point 3»> = 0 Vk = 1, 2, 3 is stable), and system (4)
sliding mode exists in the local dynamic sliding manifold equation
(8). The theorem 2 is proved. D

The existence conditions of the sliding mode in system (4) in the
conventional local sliding manifold equation (16) can be derived
from the conditions of the Theorem 2. This particular case of the
dynamic sliding manifold existence (stability) has been formulated
in the following corollary.

Corollary 2. Suppose that the dynamic operators Wk(s) =
[Pn(s)/Qk

n(s)] are selected to satisfy equalities (15). Then the slid-
ing mode in system (4) exists in the local conventional sliding man-
ifold equation (16) if the discontinuous control laws (2) are chosen
as follows:

Pk (27)

where pk > 0 are arbitrary chosen constants, and ukeq are the equiv-
alent control functions2'3

(28)

with functions ®k defined by expression (24).
The proof of Corollary 2 is similar to the proof of Corollary 1 .
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Three-Axis Inertial Platform Stabilization
System Design

The kinematics scheme of a three-axis inertial platform sta-
bilization system with dynamically tuned gyroscope sensors is
demonstrated1 in Fig. 1, where 1-3 indicate the gimbals, 4 the in-
ertial platform, 5 and 6 the dynamically tuned gyroscopes, 7 the
amplifier, 8 the transformer of coordinates, 9-12 the torque servo
motors, 13 the angle transformer, and 14-16 the tachometers.

The following simplified description of a sensor based on dynam-
ically tuned gyroscope is accepted1:

Wg(s) = (29)

where V8(s) and a (s) are the Laplace transforms of the output volt-
age of a sensor vs(t) and the measured position angle of one of the
platform axes a(t), respectively; fi, £2 <^ 1 an<3 T\ ^ T2. In our
case f i = 2 x 10~3, & = 10~3, TI = 5.3 x 10~4, T2 = 5.2 x 10~4.

The simplified nonlinear description of the ;c axis of the three
axes inertial platform with the dynamically tuned gyroscope sensor
Eq. (29) is considered.1'12 This is

1 1

dv*
(30)

-2&T2rx + -±(Tx

r =
where

=

is the disturbance torque to the jc axis from the y and z axes, indices

jc, y, and z correspond to the x, y, and z axes, ix is current in the
armature of a torque motor, and ctx is a position angle of the inertial
platform. £2X , £2y , and Qz angular frequencies of the position angles
of the inertial platform, vx is an output voltage of a sensor; rx is
an internal state coordinate of the dynamically tuned gyroscope,
8x(ix, £2X) are bounded uncertainties and nonlinearities of a plant,
ux is voltage applied to the armature of a torque motor (a control
function). Also, T£,T[, and 7£ bounded load torque (disturbances),
Jx is the moment of inertia of the platform with a gyroscope sensor
about the x axis, and yx* (t) = 0 is the reference value of a position
angle in volts.

Remark 5. It is clear that external and interaction disturbances
T£ and T^z are unmatched.

Remark 6. To have the description of three-axis inertial plat-
form one has to build two more systems of differential equations
substituting 3; for x (for y axis) and z for x (for z axis) in Eqs. (30).
These three interconnected systems of the differential equations give
us the description of the three-axis inertial platform.

The following values of the parameters of system (30) are
given:

kx = ky
t = k] = 7.5 x Nm/A

(31)

kx = ky
g = kz = 103 V/rad

&* = ky, = k\ = 5 Vs/rad

bx =by =bz = 0.28 x 10~2 Nms

./* = jy = 0.4 x 10~2 kg-m2

8k(ik, ft*) = i* • sin 1884r A/s, A: = jc, .y, z

Jz = 0.15 x 10"2kg-m2

of =a)y =a)z = 1884 rad/s

Ax = A^ = Az = 5 - 10~3 V, Px = Py = 0.4 kg-m2/s

P2
X = Py = 0.24 kg-m2/s, Px = Py = -20 kg-m2

Pf = 0.3 kg-m2/s, P2
Z = 0.15 kg-m2/s, Pz = -15 kg-m2

The desired performance indices of the stabilization systems in
x, y, and z axes are specified as follows.

14

Fig. 1 Kinematics scheme of the three-axis inertial platform stabilization system.
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Overshoot:

max \ak (01 < 20", k =

where r is the interval of the control; t e r.
Steady-state error:

lima*(0 =0, k = x, y, z\

Settling time: ts < 0.2 s, whereas unknown external disturbances
are assumed to be step wise constant and have the following values
during the simulations:

x \(t Nm k =

and

= 1.5 x 1(T2 x l(r - T2) Nm

where x\ and r2 are the time delays in the application of external
disturbances.

Remark 7. These requirements to the stabilization accuracy of
the three-axis inertial platform are 2-3 times better then actual per-
formance indexes in the stabilization systems of three-axis inertial
platforms with linear controllers placed on some types of Russian
wing and ballistic missiles in 1985-1990.

Remark 8. Usually the outputs of the dynamically tuned gyro-
scope sensors contain noises yk = vk

g + AiA Avk
g ^ 5 x sin(1884r +

®jt) mV, where 1884 rad/s is the rotational frequency of a rotor of a
dynamically tuned gyroscope. The effect of noises of measurements
to the control system performance has been reduced by means of
the "notch" filters with the transfer functions

w*,«= * 1 + 0.28 • 10-V
1.41 - 10~6s2

(32)

switched on the outputs of the sensors in each axis, where V£(s) and
Vg(s) are the Laplace transforms of the output voltages of the
dynamically tuned gyroscope sensor and the notch filter, respec-
tively. The descriptions of the notch filters (32) have been considered
as unmodeled dynamics of the system (30). Nevertheless, transfer
functions (32) together with noise description have been employed
during the simulations of the three-axis inertial platform sliding
mode control system.

Sliding Mode Controller Design in the x Axis
of the Three-Axis Inertial Platform

Initially the sliding mode controller design has been performed
just in one axis of the three-axis inertial platform. The simplified
description [the dynamics of the dynamically tuned gyroscope (29)
is neglected] of the jc-axis stabilization system has been derived
from Eqs. (30) with parameters (31) as

di— = -20/* - 13.50* + 8x(ix, ft*) + 2.1ux

dt
dft*
~dT = 18.75i* - 0.7ft* -

— *- = io3ft*
dt

(33)

where yx is the position angle of the x axis calculated in angular
seconds. The new basis for system (33) was introduced following
Eqs. (3):

*i =r -r Z2 = ft** - ft*
e = y** - yx (34)

The equations of the system center (5) (inverse dynamics) has been
written in the following form:

dt = 18.751* - 0.7O* -25077

0 = 200vf - /*

(35)

The unique solution to the differential algebraic equation (35) has
been obtained via the method of the differentiation of algebraic
constraints.19 This is

i* = 13.35- (36)

No initial conditions have been used to obtain the unique solution
(36) of the system of differential algebraic equation (35).

The conventional sliding manifold in the new basis equation (34)
has been specified following Eq. (16):

<r*=*i+29.3*2+ 1.33*3=0 (37)

The equations of the sliding mode (17) of the system (33) in the new
basis equation (34) in the sliding manifold equation (37) have been
written as follows:

dt - 1.33z3

dza = 1Q3

e = 200z3

(38)

The discontinuous control law in the form equations (27) and (28),
which guarantees the existence of the designed sliding mode, is
too complicated for realization. The values of the control functions
in expression (2) were selected given physical constraints (\ux\ <
30V) and existence condition2-3 crx(dcrx/dt) < 0 as follows:

• sign(<r*) - 30 • sign(or*) (39)

to simplify the realization of the sliding mode controller.
The equations of the sliding manifold equation (37) in the initial

basis have been changed to the form

a* = 13.3571* - i* - 29.3ft* - l.33vx = 0 (40)

To realize the control law equations (39) and (40) we assumed
ix, £2*, v* to be measured, and the disturbance torque (unmatched
function) T£ to be estimated by means of the observer

= -250?] + 935i* + 12500ft*
fx = rj- 50ft*

(41)

The results of the simulation of the ;c axis stabilization system (29)
with the sliding mode controller (39-41), the dynamically tuned
gyroscope sensor equation (29), the notch filter equation (32), and
measurement noise are shown in Figs. 2 and 3. It is obvious that the
specified requirements of the jc-axis stabilization system are met.

To avoid the estimation of the disturbance torque T£ and the
measurement of £2* we should acquire the dynamic sliding mode
controller. The desired dynamic operator (12) has been specified20

for system (33) in the new basis equation (34) as follows:

H 1.435)

The corresponding dynamic operator in the dynamic sliding mani-
fold equation (8) has been designed in the form

W(s) = 492.6[(1 + 0.0122s)(l + 0.0022s)]/s (43)
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Fig. 2 JSf-axis conventional sliding mode control, yx.
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Fig. 3 X-axis conventional sliding mode control, (ux/£/*), (T* /Jx),
and (** • ?)//*.

The dynamic sliding manifold equation (8) has been formed in the
initial basis as

= 0 (44)

The values of the control functions in expression (2) were selected
regarding given physical constraints (\ux\ < 30V) and existence
condition2'3'12 %x(d%x/dt) < 0, which implies the inequality

^max > \1Ai* + 5 • [1 - 1.48 • 104 • W(s)]O* - 0.37 - 8x(ix
t O*)|

This is

' = 30 • sign(S*) (45)

to simplify the realization of the sliding mode controller.
The results of the simulation of the stabilization system in the x-

axis equation (33) of the three-axis inertial platform equation (30)
with the dynamic sliding mode controller equations (44) and (45),
the dynamically tuned gyroscope sensor equation (29), the notch
filter equation (32) and noise of measurement are demonstrated in
Figs. 4 and 5. It is obvious that the specified requirements to the
stabilization system are met.

ion with noise ;(angul
ual position (angular

0 .05

Fig. 4 X-axis dynamic sliding mode control, y*.

Remark 9. The stabilization system with the dynamic sliding
mode controller obtained the combined features of the system with a
conventional dynamic compensator (accommodation to unmatched
disturbances) and a conventional sliding mode controller (insensi-
tivity to matched disturbances).

Decentralized Sliding Mode Controller Design
in the Three-Axis Inertial Platform

To simplify the decentralized sliding mode controller design we
will neglect the dynamics of the dynamically tuned gyroscope in
the description equation (30) of the three-axis inertial platform. The
following simplified description of the three-axis inertial platform
stabilization system has been considered:

- = -20/* - 13.50* + 8*(ix, 0*) + 2.1ux
at

- = 18.75/* - 0.70* - 2.5 • 1027£ +

dvx

—±dr

dt
^ = 18.75F - 0.70* - 2.5 • 102r/ + 102O

at

-- - -20/z - 13.50Z + 8z(iz, Oz) + 2.1uz

at
dOz

- = 50/z - 1.87OZ - 6.67 • IQ2TZ + 2 - 102O>'

- 1030

yz - 2 .

(46)

where the outputs are measured in angular seconds. The decentral-
ized nonlinear conventional sliding manifolds have been designed
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concerning expressions (21). They are
f f X = °glob + ^loc' <*y = ^glob + ^loc' f f Z = °£ob + °k>c

(47)

The local components of the sliding manifolds in the x, y, and z
axes have been designed as follows:

<c = 13.357? - ix - 29.30* - 1.33i£ = 0

0-4 = 13.357*/ - iy - 293W - l.33vy
g = 0 (48)

or^ = 13.35^ - iz - 11.0OZ - O.SuJ = 0

to provide the desired output stabilization in each axis in the sliding
mode. The global components of the sliding manifolds in x, y, and
z have also been designed to decouple the output stabilization errors
in the axes in sliding mode. They are

Control laws (2) were selected in the form of Eq. (39) as
follows:

o r * , = 5.34W + 3.2£2Z - 267n>flz

(49)

2.00* - 2000*0^

10-

0 .05 .1 .15
Time (sec)

Fig. 5 X-axis dynamic sliding mode control, ux , TX
L/JX> and

-position with noise (angular seconds)
vY/actual pos'jtion (angular seconds)

uk = 30-sign(cr*), = x,y,z (50)

The output stabilization error in each axis in the corresponding slid-
ing manifold is described by decoupled equations (38).

The stabilization system of the three-axis inertial platform equa-
tion (46) with the sliding mode controller equations (47-50), the
dynamically tuned gyroscope sensor equation (29), and the distur-
bance observers have been simulated. Nominal load torque has been
applied with time delays: 0.05 s in the x axis, 0.15 s in the y axis,
and 0.25 s in the z axis.

The results of the system simulation with the omitted global
components (49) of the local conventional sliding manifold equa-
tions (47) are shown in Figs. 6-8. It is obvious that the specified
requirements to the stabilization system are met. However, the ef-
fect of the interconnections between the axes is significant.

The results of the system simulation with the decentralized slid-
ing mode controllers are shown in Figs. 9-11. It is obvious that
the impact of the interconnections between the axes of the inertial
platform is dramatically reduced.

position with noise (angular seconds)

.15 .2 .25
Time (sec)

Fig. 7 F-axis conventional sliding mode control with interactions be-
tween the axes, y.

noise (angular seconds)
tibn"(angular seconds)

Fig. 6 X-axis conventional sliding mode control with interactions bet-
ween the axes,y*.

.15 .2 .25 .3 .35
Time (sec)

Fig. 8 Z-axis conventional sliding mode control with interactions be-
tween the axes, yz.
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Fig. 9 Decentralized jt-axis sliding mode control,y*.
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Fig. 10 Decentralized j-axis sliding mode control, j?

:B position with noise (angular seconds)
;; actual position (angular seconds)

Fig. 11 Decentralized z-axis sliding mode control, yz.

The decentralized dynamic sliding mode controllers have also
been designed. The results of the simulation were pretty much the
same as in the system with the conventional decentralized sliding
mode controllers, shown earlier. However, the disturbance observers
were not employed, and the system demonstrated an accommoda-
tion to the external disturbances.

Conclusion
A decentralized sliding mode output tracking (stabilization) strat-

egy, based on a nonlinear conventional and a nonlinear dynamic slid-
ing manifold design, has been devised. The formed sliding mode
control algorithms, applied to the design of the stabilization sys-
tem in three-axis inertial platforms, provided decoupling and high-
accuracy stabilization of the outputs in all of the axes of the inertial
platform. The inertial platform stabilization system with the dy-
namic sliding mode controllers obtained the combined features of
the system with a conventional dynamic compensator (accommoda-
tion to the unmatched disturbances) and a conventional sliding mode
controller (insensitivity to the matched disturbances). The designed
sliding mode controllers have been realized in inertial platform sta-
bilization systems of some types of Russian wing missiles.
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